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The constitutive law is
D B el d E
S| d, st |T
Assume the field in the piezo patch is uniform, we have the relation after Laplace transform

V(s)=L-E(s), I(s)=sA-D(s)

Then the constitutive law can be transformed as
| B sAeTL1 sAd] [V
S| | 4L sE | |T

We define the capacity of piezo patch as

Al /L =Cp;
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Then Eq. (3) can be rewritten as

s/ N M,

where YD(S) is the open circuit admittance of the piezoelectric patch.

scf sAd
dthl SE

For shunted piezoelectric applications,
ls} = ldtL_l SE] {T] where YY" =Y"+4+Y

The first equation gives
V= (Z"")I- (Z"'sAd)T
and inserting into second equation gives
S = [s¥ —d, L 'Z"'sAd]T + [d,L 'ZP"]L
The mechanical compliance is
s = [s¥ — d, L 'Z""sAd].
Upon noting that with constant stress

Z%(s) = 0 = short circuit electrical impedance,

ZP(s) = (Cgs) = open circuit electrical impedance,
and that
sL'e"A = C]’s,
equation (16) can be put in the form
s — [SE - dtzEL (e7) 71d],

where the matrix of non-dimensional electrical impedances is defined as

ZEL A (ZD) o (sCZ + YSU) _ISCZ

Here, we introduce the electromechanical coupling coefficients

shear, k15 = d15/ s’%sf = ko4, transverse, k33 = d31/ sﬁeg = k3o,

longitudinal, k33 = ds3/ s%sg,

or, in the notation used, for force in the j th direction and field in the ¢ th direction

kij = dij/ﬂ SJE]E:Z-F.

Substituting equation (25) into (23) gives

(10)

(11)

(12)

(13)

(14)

(15)
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s = s [1 - K3 ZPE). (16)
J 1.1. 1.1 Shunted with negative capacity
For our problem, the electric field is along z direction and stress is along = direction. So we have
T1.2 T 2 SU
sV = sk [1 — k2 ZEL] =& |1— —st il =S st 0~ ks) +¥ (17)
33 33 3141 33 SCIf;r' + YSU 33 SCZ;F + YSU
Then we have
iwCT +YSU
E}V(w) = EF P (18)
iwCl (1 — k%) +YSU
where s = w.
If shunted with a negative capacity, we have
Y5 = —iwC' = —iwHC, (19)
So the shunting Young's modulus is (see reference [1])
c'-cT
B (w) = B ——————— (20)
C'—-Cr (1-k3)
or
c'-cr
SU E P
B =5 5os 2
p
where Cy = (1 — k},)CL, CI = Ael,/d, which is the result from reference [3,4].
Finally,
EyI, +2E)VI,
“= I, +2I,
b , , (22)
Lot Lt bh, H b
T2 P 12 2 ' 2

J 1.2. 1.2 Shunting circuit
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Circuit diagram

The impedance is derived in the following picture.

Derivation of impedance

Now we have

1

2 ]'(.UC + ]-/RO ’ ! ! 2 ( )
Then we have i|||pedance

R, 1
Ry (ij—{—l/Ro) B JwCy

A—— (24)
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